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R.Montgomery $\lceil$A tour of subriemannian geometries, their geodesics and $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}\rfloor([\mathrm{M}])$
6.10, 7.12 , $(4, 7)$ $(M, D)$ ,
(i) , , 4 $D$ $(4, 0)$ , $(2, 2)$
,
(ii) , , 4 Hopf
$Sp(2,1)$ ,
. , $(4, 7)$ , ,
, . , $(4n, 4n+3)$
, 3- .
$M$ $n$ . $D$ $M$ $k$ , , $TM$ $k$
. $(M, D)$ $(k, n)$ ( 2 $\Delta$ ) ,
$TM=D+[D,$ $D$
. , $D$ $D$ . ,
$k\geq 2$ . 2 $(M, D),$ (M’, $D’$ ) , $\Phi_{*}D=D$’
$\Phi$ : $Marrow M’$ .
, $(2, 3)$ , , 3 .
, (1) , (2) (Darbou ), (3) (Gray ) .
, ( )Hopf .
, , $(2n, 2n+1)$ ,
.
, , $(4, 7)$ ,
(1) (2) (3) . 4 Hopf
$S^{3}arrow S^{7}arrow S^{4}$ , $SU$ (2) $(4, 7)$ . ,
. , $(4n, 4n+3)$ ,
, .
, 3 $(2n, 2n+3),$ (3n, $3n+3$) , .






$(4, 7)$ $(\mathbb{R}^{7}, D0)$ . $\mathbb{R}^{7}$
$(x, y, z, w;r, s, t)$ , 3 1-
$\{$
$\omega_{1}$ $=$ dr-ydx-wdz,




$XYZ$ ===——\partial \partial \partial \partial \partial \partial xyz+++wzy---\partial \partial \partial --\partial \partial \partial trr’+z--\partial \partial s+‘‘ -\partial \partial t’
$W$ $= \frac{\partial}{\partial w}\pm y\frac{\partial}{\partial s}$ ,
$D_{0}=\{\omega_{1}=(v2=\omega 3=0\}=<X,$ $Y,$ $Z,$ $W>$
,
$[X, Y]=[Z, W]=- \frac{\partial}{\partial r}$ ,
$[X, Z]= \pm[W, Y]=-\frac{\partial}{\partial s}$ ,
$[X, W]=[Y, Z]=- \frac{\partial}{\partial t}$
, $(4, 7)$ . 3- . III. . $\omega_{1}$
$-sdt,$ $\omega$2 $-tdr,$ $\omega$3 $-rds$ , 3
.
$D_{0}$ , 3 ( )
$\{$
$\Omega_{1}$ $=d\omega_{1}=dx\Lambda dy+dz\Lambda dw$ ,
$\Omega_{2}$ $=d\omega_{2}=dx\Lambda dz\pm dw\Lambda dy$ ,








$F$ : $\Lambda^{2}Darrow$ TM/D,
$F(X, Y)=[X, Y]$ $\mathrm{m}\mathrm{o}\mathrm{d} D$ , $X,$ $Y\in D$
, ,
$F^{*}:$ $D^{[perp]}(\subset T^{*}M)$ $arrow\Lambda^{2}D^{*}-$.
$F^{*}(\lambda_{x})(X, Y)=\lambda$x([X) $Y])=-d\lambda_{x}(X, Y)$
.
$(4, 7)$ $(M, D)$ , $F$ , Fl . $x\in M$
, :
$D^{[perp]}arrow\Lambda^{2}D^{*}arrow\Lambda^{4}D^{*}$ ,
, 1 $F^{*}$ , 2 $\alpha\mapsto\alpha\Lambda\alpha$ 2 $Q$
. $D$ ( ) . $D$ 2- \Lambda 2D ,
3 $\Lambda_{+}^{2}$ 3 $\Lambda_{-}^{2}$ : $\Lambda^{2}D^{*}=\Lambda_{+}^{2}\oplus\Lambda_{-}^{2}$ .
$Q(\Lambda_{+}^{2})$ $Q(\Lambda_{-}^{2})$ , $Q$ $(3, 3)$ 2 .
$Q\circ F^{*}$ ) $D$ . , . 3
$F^{*}(D^{[perp]})$ ,
(1) $Q$ $(3, 0)$ , $D$ , 4
(2) $Q$ $(2, 1)$ , $D$ , 4 .
2.1.3. ,
$(4, 7)$ $(M, D)$ , $D_{x}\subset T_{x}M(x\in M)$ , $\mathfrak{g}_{-1}(x)=D_{x}$ (4 )
$\mathfrak{g}_{-2}(x)=T_{x}M/D_{x}$ (3 ) $\text{ }$ . $\mathfrak{m}(x)=\mathfrak{g}_{-2}(x)\oplus \mathfrak{g}_{-1}(x)\cong T_{x}M$ , $(M, D)$
. Lie Lie . $\mathfrak{g}_{-2}(x)=$ [$9-1($x), $\mathrm{g}_{-1}($x)] .
Lie $G=Sp(3, \mathbb{C})$ Lie ,
$\mathfrak{g}=\epsilon \mathfrak{p}(3, \mathbb{C})=\{X\in \mathfrak{g}((6, \mathbb{C})|{}^{t}XJ+JX=O\}$,
$J=(\begin{array}{llllll} 1 O 1 1 -1 -1 -1 O \end{array})$
. $X=(\begin{array}{ll}A BC -A’\end{array})$ : ( $A’$ $A$ ), , $B=B’,$ $C$ =C’
128
. $\mathfrak{g}$ , 2 $\mathrm{e}$ :
$\mathfrak{g}=\mathfrak{g}_{-2}\oplus \mathrm{g}_{-1}\oplus \mathfrak{g}_{0}\oplus \mathrm{g}_{1}\oplus \mathrm{g}_{2}$ , [ $i$ , 9j]\subset gi+
$\mathrm{m}=\mathrm{g}_{-}2$ $\oplus \mathfrak{g}_{-}1$
$=\{$ ($0a000d000bd0000c-a-b0000000000$ $000$)$000\}\oplus\{$ ($00g0$ $f0000e000000$ $0000000000000000$)$00\}$ ,
$[a, c]=g(=-2ac),$ $[b, d]=f(=-2bd)$ ,
$[a, d]=[b, \mathrm{c}]=e(=-ad=-bc).$
, .
1. , $(4, 7)$ $(M, D)$
$\mathrm{m}(x)(x\in M)$ $\mathfrak{m}_{\mathbb{C}}(x)$ ,
$m_{\mathbb{C}}(x)\cong \mathrm{m}$
.
2. (cf. [Y]) , $\mathrm{m}$ , , Lie $(3, \mathbb{C})$ .
, $Sp(3)$ , $G=Sp(2,1)$ $Sp(2,1)’$
. $\mathrm{m}$ $90$ Lie $G_{0}$ , ,
.
3. (1) $G=Sp(2,1)$ , $G_{0}=CO$ (4) , $D$ $(4, 0)$ , $D$
, 4 ,
(2) $G=Sp(2,1)$’ , $G_{0}=CO(2,2)$ , $D$ $(2, 2)$ , $D$
, 4 .
2.1.4. Cartan ,




$\mathrm{m}$ (cf.(m, $\emptyset 0$ ))
) $\mathfrak{g}$ : $M_{0}=G/G’$ (G, $G’$ $\mathrm{g},$ $\mathrm{g}’=\oplus_{p>0}\mathrm{g}_{p}$ .$\mathrm{e}\text{ }$ Lie )
9-1 $D_{0}$ . , $(M, D)$ $(M_{0}, D_{0})$
, $M$ $G’$ $P$ $G/G’$ Cartan $\omega$
.
, $M$ $G/G$’ $G’$ $P$ Cartan $\omega$ . Cartan $\omega$
, $\omega$ : $T_{\mathrm{p}}Parrow \mathrm{g}$ $P$ g- 1- , $\omega(A^{*})=A(A\in \mathfrak{g}’),$ $R_{a}^{*}\omega=$
$Ad(a^{-1})\omega(a\in G’)$ . $\omega$ $\Omega$ , $\Omega=d\omega$ $\frac{1}{2}[$\mbox{\boldmath $\omega$}, $\omega]$ $P$ g-
2- . $\Omega=\frac{1}{2}K(\omega_{-}\Lambda\omega_{-})$ ($\omega_{-}$ $\omega$ $\mathrm{m}$ ) $K$ : $Parrow \mathfrak{g}\otimes\Lambda^{2}$
, ( )
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(i) $K^{p}=0(p<0)$ (ii) $\partial^{*}K^{p}=0(p\geq 0)$
Cartan $\omega$ Cartan . , $K^{p}$ $\mathfrak{g}$ .
$K$ $HK$ : $Parrow H^{2}$ . ,
K=0\Leftrightarrow HK=0\Leftrightarrow $G/G’$ .
4. $(4, 7)$ $(M, D)$ , $G=Sp(2,1)$ , $Sp(2,1)’$ , $G/G$’
Cartan $\omega$ , $M$ $G$’ $P$ .
5. Cartan $\omega$ , 2 :
(i) $K^{0}=HK^{0}$ ( ) , $90$- $\in 9-2\otimes\Lambda_{-3)}^{2}$
(ii) $HK^{1}$ ( ) , $90$ - $\in 90\otimes\Lambda_{-2}^{2}$ .
, $\Lambda_{-3}^{2}=\mathfrak{g}_{-2}^{*}\Lambda \mathfrak{g}_{-1}^{*},$ $\Lambda_{-2}^{2}=\mathrm{g}_{-1}^{*}\Lambda \mathfrak{g}_{-1}^{*}$ .
2.2.
2.2.1.
$(B_{\mathrm{I}\mathrm{f}\mathrm{f}\mathrm{l}}^{2}, h_{0})$ $H_{\mathbb{H}}^{2}$ :
$B_{\mathbb{H}}^{2}=$ { $q=(q_{1},$ $q_{2})\in \mathbb{H}^{2}||$ q $|^{2}=\overline{q}1q1+\overline{q}2q2<1$ } $,$
$h_{0}= \frac{1}{1-|q|^{2}}(d\overline{q}_{1}dq_{1}+d\overline{q}_{2}dq_{2}+\frac{1}{1-|q|^{2}}(d\overline{q}_{1}q_{1}+d\overline{q}_{2}q_{2})(\overline{q}_{1}dq_{1}+\overline{q}_{2}dq_{2}))$ .
$G=Isom^{+}(B_{\mathbb{H}}^{2}, h_{0})=Sp(2,1)$ . $\mathit{0}$ $K$
, $K=Sp(2)\cross Sp$ (y .
$B_{\mathbb{H}}^{2}=G/K=Sp(2,1)$ /Sp(2) $\cross$ Sp(y
, Riemann .
$B_{\mathrm{H}}^{2}$ ( ) $G$ , $S^{7}$
. $H$ , $S^{7}=Sp(2,1)/H$ . $q\in S^{7}=\partial B_{\mathbb{H}}^{2},\overline{q}q=1$ , ,
$D_{q}=\{p=(p_{1},p_{2})\in \mathbb{H}^{2}|\overline{p}q=\overline{p}1q1+\overline{p}2q_{2}=0\}$ ,
$D_{0}=\cup D_{q}q\in S^{7}$
<. , $D_{0}$ $TS^{7}$ 3 $G$ , . $(4, 7)$
, 4 $\mathrm{C}\mathrm{R}$ .
$D_{0}$
$\mathbb{H}^{2}$ Euclid $g_{0}(X, Y)=Re(\overline{X}Y),$ $X$ , $Y\in D_{q}$ , , $D_{0}$
Riemann . $g_{0}$ $K$ , $G$ . , $g_{0}$




, 4 $N$ ( ) $SU(2)$ $M$ $SU(2)$ $D$
$(M, D)$ , $(4, 7)$ .
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( )4 Riemann $N$ $\Lambda l=T_{1}N$ Levi-Civita
$D$ $(\lambda/I, D)$ , $(4, 7)$ .
2.2.3.
$(4, 7)$ $(M, D)$ , :
(i) $M$ , ( )Riemann 4 $N$ ( )
$SU(2)$ ,
(ii) $D$ , $N$ $SU(2)$ ( )\mbox{\boldmath $\theta$}.
, $D$ , $N$ ( ) Riemann , ( ) Riemann
1. $N$ $\theta$ , $M$ $D$ 1 1
.
, , , 2-
.
, $M$ $H$ $P$ $Sp(2,1)/H$ Cartan $K^{0}=HK^{0}$
0 .
$HK^{1}$ 0 $(Sp(2,1)/H,$ $D$0) ,
$(S^{4}, g_{0})$ Levi-Civita .
, . $\mathrm{M}$ (7 ) (4 )




$Sp(2,1)’$ $Sp(3, \mathbb{R})$ . $(V^{2n}, \Omega)(n\geq 3)$ $2n$
, $V_{k}$ $k$ .
$Sp$ (n, $\mathbb{R}$ ) . 1 ( )
$P^{2n-1}$ , 2 $IG_{2,2n}$
:
$P^{2n-3}$ $arrow$ $F_{12}=\{V_{1}\subset V_{2}\}$ $arrow$ $P^{1}$
$\swarrow$ $[searrow]$
$P^{2n-1}=\{V_{1}\}$ $IG_{2,2n}=\{V_{2}\}$
$P^{2n-1}$ . $IG_{2,2n}$ Grassmann $G_{2,2n}$ $4n-5=4(n-2)+3$
( , 1) , 4 , Grassmann 3- .
$F_{12}$ $4n-4$ , $P^{2n-3}$ .
$P^{2n-1}$ Legendre $P^{1}$ $IG_{2,2n}$ . $\Omega$ $\sum_{i=1}^{n}dx_{i}\Lambda$
$dy_{i}$ $V$ $(x_{i}, y_{i})$ , $IG_{2,2n}\subset G_{2,2n}$
$(_{0}^{1}01$
$d_{3}c_{3}$ $d_{n}c_{n}$ $a_{1}b_{1}$ $a_{2}b_{2}$ $a_{3}b_{3}\cdot.\cdot\cdot.|$. $a_{n)}b_{n}$
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, 1 $b_{1}=a_{2}+ \sum_{i=3}^{n}a$i $d_{i}- \sum_{i=3}^{n}b$2ci . $IG_{2,2n}$ $P^{2n-1}$ Legendre
$P^{1}$ : $x_{1}=t,$ $x_{2}=1$ , ,
$\{$
$xi$ $=$ $c_{i}t$ $+$ $d_{i}$
$\}$
$(3$ $\leq$ $i$ $\leq$ $n)$
$y1$ $=$ $a1$ $t$ $+$ $a2$ $+$ $\sum i=3n$ $aid_{i}$
– $\sum i=n3$ $b_{i}$ $c_{i}$ ,
$y_{2}$ $=$ $a_{2}t$ $+$ $b_{2}$ ,
$yi$ $=$ $a_{i}$
$t$ $+$ $b_{i}$ $(3$ $\leq$ $i$ $\leq$ $n)$
. $(a_{1}, a_{2}, a_{32}\cdot\cdot 1, a_{n};b_{2}, b3, \cdot. \iota, b_{n};c_{3}, \cdot\cdot \mathrm{t}, c_{n};d_{3}, \cdots, d_{n})$ $IG_{2,2n}$
, $4n-5=4(n-2)+3$ .
,
$A_{i}= \frac{\partial}{\partial a_{i}}-d_{i}\frac{\partial}{\partial a_{2}}-c_{i^{\frac{\partial}{\partial a_{1}}}}$ , $D_{i}.= \frac{\partial}{\partial d_{i}}+b_{i}\frac{\partial}{\partial b_{2}}$ ,
$0= \frac{\partial}{\partial c_{i}}+b_{i}\frac{\partial}{\partial a_{2}}+a_{i^{\frac{\partial}{\partial a_{1}}}}$ , $B_{i}= \frac{\partial}{\partial b_{i}}-d_{i}\frac{\partial}{\partial b_{2}}$ ,
$(3\leq i\leq n)$ , $[A_{i}, C_{i}]=2 \frac{\partial}{\partial a_{1}},$ [Ai, $D_{i}$ ] $= \frac{\partial}{\partial a_{2}},$ [Bi, $C_{i}$ ] $= \frac{\partial}{\partial a_{2}},$ [Bi, $D_{i}$ ] $=2 \frac{\partial}{\partial b_{2}}$ , 0,
$IG_{2,2n}$ 3 $D=D^{4(n-2)}$ , $(4(n-2), 4(n-2)+3)$
4 3- . , $n=3$ , .
2.3.2. Legendre
, , $PSL$(n, $\mathbb{R}$ ) ,
, Legendre , $PSp(n, \mathbb{R})$ .
. .
. $\mathbb{R}^{3}$ : (x, $y,$ $z$ ) , $\omega=dy-zdx$ . $x$ , Legendre
$(x,$ $\frac{1}{2}ax^{2}+bx+c,$ $ax+b)$
, $(a, b, c)$ Legendae 3 . $x$
, $z”=0$ $y”’=0$ .
$\urcorner \mathbb{R}^{5}$ : (x, $y,$ $z,$ $u,$ $v$ ) , $\omega=dz-udx-vdy$ . $x$
, Legendre
$(x,$ $cx+d,$ $\frac{1}{2}(a+ce)x^{2}+(b+cf)x+g,$ $ax+b,$ $ex+f)$
? $(a, b, c, d, e, f, g)$ Legendre 7 .
, $y”=0,$ $v”=0$ $z’”=0,$ $u”=0$ .
Legendre .
, $P^{2n-1}=Sp(n, \mathbb{R})/H$ . , $P^{2n-1}=$
$SL$(2n, $\mathbb{R}$) $/\overline{H},$ $H=\tilde{H}\cap$ Sp(n, $\mathbb{R}$ ) . $n(2n+1)=2n^{2}+n$ $Sp$ (n, $\mathbb{R}$ ) Lie
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$\mathfrak{g}=$ $(n, \mathbb{R})$ , 2 Lie :
$\mathfrak{g}=\mathrm{g}_{-2}\oplus \mathfrak{g}_{-1}\oplus \mathrm{g}_{0}\oplus$ $1\oplus\emptyset 2$ ,
$\mathfrak{h}=\mathfrak{g}0\oplus \mathrm{g}1\oplus \mathfrak{g}$ 2,
$\dim \mathrm{g}_{-2}=\dim \mathfrak{g}_{2}=1,$ $\dim \mathfrak{g}_{-1}=\dim \mathfrak{g}_{1}=2n-2$ .
$0\in \mathbb{R}^{2n-1}$ $G^{1}(2n-1)=GL(2n-1, \mathbb{R})$ , 2- (2- )
$G^{2}(2n-1)$ :
$G^{2}(2n-1)$ $arrow\rho G^{1}(2n-1)=GL(2n-1, \mathbb{R})$ ,
$SL(n, \mathbb{R})\supset H$ $arrow\rho$ $\rho$(H),
$Sp(n, \mathbb{R})\supset Harrow\rho$ $\rho(H)=SC(2n-1)$ ,
, $G^{2}(2n-1)$ :) $\tilde{H}\supset H$,
$A\in GL(2n-2, \mathbb{R})$ .$G^{1}(2n-1)=\rho(\tilde{H})\supset\rho(H)=SC(2n-1)=\{$ $\}$
$D$ $2n-1$ $\mathrm{J}/I$ , $G^{1}(2n-1),$ $G^{2}(2n-1)$
$P^{1}$ (M), $P^{2}(M)$ , :
$G^{2}(2n-1)\cap P^{2}(M)-^{\overline{\rho}}$ $P^{1}$ (M) $G^{1}(2n-1)$ ,
$Hr\backslash P(\Lambda I)$
$arrow\overline{\rho}SP$ (M) $SC(2n-1)$ ,
$\downarrow$ $\downarrow$
$M$ —- $M$,
, $P^{2}(M)\supset P$ (M), $P^{1}(M)\supset SP$(M) .
$P^{2}(M)$ $H$ $P$ (M) , $M$ .
$P$ (M) $Sp(n, \mathbb{R})/H$ Cartan $\omega$ (cf.[S-Y]).
$\xi=$ (\mbox{\boldmath $\xi$}1, $\xi^{2},$ $\cdot\cdot(, \xi^{2n-1})\in \mathbb{R}^{2n-1}=$ -2 $\oplus 9-1$ , $\omega_{-}(B($ \mbox{\boldmath $\xi$}) $)=\xi,$ $\omega_{0}(B($ \mbox{\boldmath $\xi$})$)=0$ ,
$\omega_{+}(B(\xi))=0$ $P$ (M) $B$ (\mbox{\boldmath $\xi$}) . $\pi$ :
$P(M)arrow M$ ,
$x_{t}=\pi$ (($\exp tB$ (\mbox{\boldmath $\xi$}))u0), $u_{0}\in P$ (M),






2 . 2 ODE: $y”=f$ (x, $y,$ $y’$ ) , $J^{1}($R, $\mathbb{R})$ ; ( x, $y,$ $y’$ )
, $J^{0}$ : (x, $y$ ) ,
. , $PT^{*}P^{2}=SL(3, \mathbb{R})/K$ , $J^{1}$ $K$
$Q$ $SL(3, \mathbb{R})/K$ Cartan $\eta$ , 2 $A,$ $B$
(Tresse, Cartan). $A=B=0$ ) $y”=0$ .
,
(1) 2 ODE (Tanaka) : $J^{1}($R, $\mathbb{R}^{n-2})$ ,
(2) (1 )2 PDE : , $J^{1}(\mathbb{R}^{n-2}, \mathbb{R})$ Lagrange
Legendre 2-
2 , $SL$(n, $\mathbb{R}$ ) $(n\geq 4)$ .
, 3 . 3 ODE : $y”’=f$ (x, $y,$ $y’,$ $y”$ ) , $J^{2}(\mathbb{R}, \mathbb{R})$ :
$(x, y, y’, y”)$ , $J^{1}$ : (x, $y,$ $y’$ ) ,
( . , $LP^{3}=Sp(2, \mathbb{R})/K$ (LP3 $P^{3}$ Legendre
) , $J^{2}$ $K$ $Q$ $Sp(2, \mathbb{R})/K$ Cartan $\eta$ ,
2 $A,$ $B$ (Chern, SatO-Yoshikawa[S-Y]). $A=B=0$ , $y”’=0$
.
,
(2)’ (1 )3 PDE : , $J^{2}(\mathbb{R}^{n-1}, \mathbb{R})$ Lagrange-Grassmann
, $Sp(n, \mathbb{R})(n\geq 3)$ , (1)’ 3 ODE
, Lie . , 2
ODE , Legendre ,
$Sp$(n, $\mathbb{R}$) $(n\geq 3)$ .
$n=3$ , $\mathbb{R}^{5}$ : (x, $y,$ $z,$ $u,$ $v$ ) , $\omega=dz-udx-vdy$ .
( ) $D$ ,
$D=< \frac{\partial}{\partial x}+u\frac{\partial}{\partial z},$ $\frac{\partial}{\partial y}+v\frac{\partial}{\partial z},$ $\frac{\partial}{\partial u},$ $\frac{\partial}{\partial v}$
$\mathbb{R}^{8}\cdot$.
$(x, y,z,u,v,\cdot p, q, r)\text{ }.\text{ }\mathit{1}\backslash ^{\backslash ^{\backslash }}-\#^{\mathrm{r}}.\mathrm{F}\mathrm{X}\not\equiv \mathrm{f}\mathrm{f}\mathrm{i}\mathrm{t}\S.\text{ }\omega_{1}=dq-p\mathrm{B}\backslash ^{\backslash }(\backslash 1\backslash 0\text{ }\mathrm{C}\mathrm{A}\backslash \text{ }$
.
$x-C^{\backslash } \backslash \text{ }\mathrm{L}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{r}\mathrm{e}\text{ ^{}\sqrt}\text{ }L\text{ }\ni \mathrm{E}\overline{\mathrm{p}}\Pi^{\backslash }R\text{ }\mathrm{z}\mathrm{P}\kappa^{7^{\wedge}}\neq_{\backslash }\text{ },\frac{\partial}{\partial x,;}+u\frac{\partial}{\partial z,\backslash }+p(\frac{\partial}{\partial y}+v\frac{\partial}{rd\partial z})+q\frac{\partial}{\partial u,\not\supset}+r\frac{\partial}{\partial v,\vee}\text{ }$
,
, 1 ( , $\mathbb{R}^{8}$ )
$\{$
$x’$ $=1,$ $y=p,$$z’=u/+vp,$ $u’=q,$ $v’=r$,
$p’$ $=f(x, y, z, u, v,p, q, r),$ $q’=rf,$ $r’=g(x, y, z, u, v,p, q, r)$
. , $\mathbb{R}^{5}$ 2
$\{$
$\prime y’$
’ $=f(x, y, z, u, v, y’, u’, v’)$ ,
$v’$’ $=g(x, y, z, u, v, y’, u’, v’)$
. $f=0,$ $g$ =0 , $2.\mathrm{L}\mathrm{e}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{d}\mathrm{r}\mathrm{e}$ .
, $\mathbb{R}^{8}$ : (x, $y,$ $z,$ $u,$ $v;p,$ $q,$ \rightarrow , $\mathbb{R}^{5}$ : $(x, y, z, u, v)$
, . $\mathbb{R}^{8}$
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, , $G$ . Cartan
, , .
2. 1 , $LP^{5}=Sp(3, \mathbb{R})/K$ (LP5 $P^{5}$ Legendre
) , $\mathbb{R}^{8}$ $K$ $Q$ $Sp(3, \mathbb{R})/K$ Cartan $\eta$
, 2 $A,$ $B$ .
(i) $B=0$ , , Legendre .
(ii) $A=0$ , $(4, 7)$ .
(iii) $A=B=0$ , $f=0,$ $g$ =0 .
$Sp(3, \mathbb{R})$ Lie $(3, \mathbb{R})$ , 4 Lie , $\dim \mathfrak{g}_{-4}=1,$ $\dim \mathrm{g}_{-\mathrm{s}}=$
$1,$ $\dim \mathrm{g}$ $2=3,$ $\dim \mathfrak{g}_{-1}=3$ . $A$ $90$ , $9-2\otimes\Lambda_{-3}^{2}$ ,
$B$ $90$ , $\mathrm{g}_{0}\otimes\Lambda_{-3}^{2}$ .
$n\geq 4$ . $\mathbb{R}^{2n-1}$ : $(x_{i}, z, u_{i})$ , $\omega=$
$dz- \sum_{i=1}^{n-1}u$ idxi . $4n-4=4(n-1)$ Legendre $L$
$(x_{i}, z, u_{i}; p_{j}, q_{k})(1\leq i\leq n-1,2\leq j\leq n-1,1\leq k\leq n-1)$ . $x$
, $L$ 1 , $\mathbb{R}^{2n-1}$ $2(n-2)$ 2
$\{$
$x_{i}’’$ $=f_{i}(x_{j}, z,\grave{u}_{j}, x_{j}’, u_{j}’)$ ,
$q_{i}$
”
$=g_{i}$ (xj, $z,$ $u_{j},$ $x_{j}’,$ $u_{j}’$ ) $(2\leq i\leq n-1)$
.
3( 3-
$(4, 7)$ , . ,
$(4n, 4n+3)$ $(n\geq 2)$ .
$(2n, 2n+1)$ , .
, ( ) ,
. $4n$ 3-
, $4n+3$ 3- .
3 , 2 ( $\mathrm{b}\mathrm{i}$-contact structure)
. , $4n+3$ , 3
( $\mathrm{t}\mathrm{r}\mathrm{i}$-contact structure), ( )3-
, . $4n$ , 3- , 3
, 2- 1 . 3-
, 3 , $(4n, 4n+3)$ ,
$4n$ 3- .
3- 3- , ,
, :
(1) 4 . ,
, 2.1. .




, $2n$ , , , K\"ahler
( , Calabi-Yau ) (cf. ):
\leftarrow K\"ahler \rightarrow .
$2n+1$ , , CR , Sasaki ( , Einstein-Sasaki
) :
\leftarrow Sasaki \rightarrow CR .
, $4n$ , , (4 ) , K\"ahler
( $\Rightarrow \mathrm{R}\mathrm{i}\mathrm{c}\mathrm{c}\mathrm{i}$ ) , :
\leftarrow K\"ahler \rightarrow .
, 4 , ( ) $GL$ (n, $\mathbb{H}$) K&ler
$(Sp(n))$ , ( ) 4 $GI$ $(n, \mathbb{H})\mathbb{H}$‘ 4 K\"ahler $(Sp(n)Sp(1))$
. $4n+3$ , , $\mathrm{C}\mathrm{R}$ (4 $\mathrm{C}\mathrm{R}$ ), 3-Sasaki
Sasaki (\Rightarrow Einstein) :
\leftarrow Sasaki \rightarrow $\mathrm{C}\mathrm{R}$ .
$4n$ $M$ , 3 $\Omega_{1},$ $\Omega_{2},$ $\Omega_{3}$
, $\Omega_{i}$. $\varphi_{i}$ : $TMarrow T^{*}M$ , $J_{1}=\varphi_{3}^{-1}\varphi_{2},$ $J$2 $=$
$\varphi_{1}^{-1}\varphi_{3},$ $J_{3}=\varphi_{2}-1\varphi_{1}$ , 4 : $J_{1}^{2}=J_{2}^{2}=J_{3}^{2}=J_{1}J_{2}J_{3}=-1$ .
, $g$ , $\phi=\varphi_{1}\varphi_{2}^{-1}\varphi_{3}(=\varphi_{3}\varphi_{1}^{-1}\varphi_{2}=\varphi_{2}\varphi_{3}^{-1}\varphi_{1})$ $\phi$ : $TMarrow T^{*}M$
. $4n+3$ $M$ 4 3- , 3
$D_{1},$ $D_{2},$ $D_{3}$ , $4n$ $D= \bigcap_{i=1,2,3}D$i
. , .
$(4, 7)$ 2. , ( ) 4 3-
$(4n, 4n+3)$ $(M, D)$ .
: $D^{[perp]}arrow\Lambda^{2}D^{*}arrow\Lambda^{4n}D_{:}^{*}$ ( 2 $\alpha\mapsto\alpha^{2n}=\alpha\Lambda$ . . . $\Lambda\alpha$),
.
: $\mathbb{R}^{4n+3}$
$(x_{i}, y_{i}, z_{i}, w_{i;}r, s, t)$ , 3 1-
$\{$
$\omega_{1}$ $=dr- \sum_{i=1}^{n}y_{i}dx_{i}-\sum_{i=1}^{n}w_{i}dz_{i}$ ,
$\omega_{2}$ $=ds- \sum_{i=1}^{n}z_{i}dx_{i}\mp\sum_{i=1}^{n}y_{i}dw_{i}$ ,
$\omega_{3}$ $=dt- \sum_{i=1}^{n}w_{i}dx_{i}-\sum_{i=1}^{n}z_{i}dy_{i}$ ,
$4n$
$\{$
$X_{i}Y_{i}$ $= \frac{\partial}{\frac{\partial x\partial}{\theta y}}\dot{.}.\cdot+y_{i}.+z_{1}.\frac{\partial}{\partial\epsilon}=+z_{1}\frac{\frac{\partial}{\partial r\partial}}{\partial t}$
,
$+w_{i} \frac{\partial}{\partial t}$ ,
$Z_{\dot{\iota}}$ $= \frac{\partial}{\partial z}.\cdot+w_{i}$ ,
$W_{\dot{\iota}}$ $= \frac{\partial}{\partial w_{i}}\pm y_{i^{\frac{\partial}{\theta s}}}$
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$D_{0}=\{\omega_{1}=\omega 2=\omega 3=0\}=<Xi,$ $Yi$ , $Z_{i},$ $W_{i}$ $(i=1, \cdots, n)>$
,
$[X_{i}, Y_{i}]=[Z_{i}, W_{i}]=- \frac{\partial}{\partial r}$ ,
$[X_{i}, Z_{i}]= \pm[W_{i}, Y_{i}]=-\frac{\partial}{\partial s}$,
$[X_{i}, W_{i}]=[Y_{i}, Z_{i}]=- \frac{\partial}{\partial t}$ ,
0, , ( ) 4 $(4n, 4n+3)$ .
: $G=Sp(n+2, \mathbb{C})$ Lie $\mathfrak{g}=\epsilon \mathfrak{p}(n+2, \mathbb{C})$ , 2 Lie
. , , $\mathfrak{g}’,$ $\mathrm{m}$ : $\mathfrak{g}=\mathrm{m}\oplus \mathfrak{g}’$ . ( )
4 $(4n, 4n+3)$ $(M, D)$ $\mathrm{m}(x)(x\in M)$ ,
$\mathrm{m}_{\mathbb{C}}(x)\cong \mathrm{m}$
. , $\mathrm{m}$ , , Lie $(n+2, \mathbb{C})$ .
, $G=Sp(n+1,1)$ 4 , $G=Sp(n+1,1)’\cong Sp(n+2, \mathbb{R})$ 4
.
Cartan :( ) 4 $(4n, 4n+3)$ $(M, D)$ ,
$G=Sp(n+1,1)$ , $Sp(n+1,1)$’ , $G/G’$ Cartan $\omega$ , $M$ $G’$ $P$
. , Cartan $\omega$ , $n\geq 2$ , 1 : $HK^{1}$
( ) , $90$- , $90\otimes\Lambda_{-2}^{2}$ .
$\bullet$ 4 $Sp(n+1,1)$ :2.2. 2.2.1. 2.2.2. , 4 Hopf
$S^{3}arrow S^{4n+3}arrow \mathbb{H}P^{n}$
. $\mathbb{R}^{2n+1}$ Heisenberg , , $\mathbb{R}^{4n+3}$
( ) 4 3- 3-Heisenberg , ,
$[\mathrm{A}1$ .
4 $Sp(n+1,1)’\cong Sp(n+2, \mathbb{R})$ , 2.3. 2.3.1. 2.3.3.
, .
$G\subset SO$ (n) $G$ , (cf. ).
$V$ . 7 $V={\rm Im} \mathbb{O}$ , $G_{2}$ ( )
3- , , 8 $V=\mathbb{O}$ , S $n(7)$ (Cayley) 4-
(Bryant). , $2n$ $V$ , Calabi-Yau
$SU$ (n) 2 $n$- (Hitchin).
, $4n$ $V$ , K\"ahler $Sp(n)$ 3
$\Omega_{1\}}\Omega_{2},$ $\Omega_{3}$ . $n=1$ , , 4 ,
2.1.1. , 1 5 :
$\Omega_{\dot{\iota}}\Lambda\Omega_{i}-\Omega$j $\Lambda\Omega j=0$ , $\Omega_{i}\Lambda\Omega j=0$ $(i\neq j).$
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$n=2$ , , 8 , 7 :
$\Omega_{i}\Lambda(\Omega_{i}\Lambda\Omega_{i}-3\Omega_{j}\Lambda\Omega D=0$ , $\Omega_{i}\Lambda\Omega$j $\Lambda\Omega k=0$ $(i\neq j\neq k)$ .
$n=3$ , , 12 , 9 :
$\Omega_{i}\Lambda\Omega_{i}\Lambda\Omega_{i}\Lambda\Omega_{i}-3$( $\Omega_{i}\Lambda\Omega_{i}\Lambda\Omega_{j}\Lambda\Omega_{j}+\Omega_{i}\Lambda\Omega_{i}\Lambda\Omega$ , $\Lambda\Omega,$ $-\Omega_{j}\Lambda\Omega_{j}\Lambda\Omega$k $\Lambda\Omega_{k}$ ) $=0$ ,
$\Omega_{i}\wedge\Omega_{j}\Lambda$ $(\Omega_{i}.\Lambda\Omega_{i}- 3\Omega_{k}\Lambda\Omega_{k})=0$ $(i\neq j\neq k).$
$4n$ , $\Omega_{i}$ $(i=1,2,3)$ $n+1$ $2n+3$ (
, ). , $(\Omega_{1}+i\Omega 2)n+1=0$ $O(3, \mathbb{C})$ $2n+3$
. , $\Omega_{i}$ $(i=1,2,3)$ $\mathbb{C}^{3}$ 2- , $O(3, \mathbb{C})$
[A].
3.2. 3-
$M$ $n+1$ , , $2n+1$ $PT^{*}M$
. $n+1$ ( $2n+2$ )K\"ahler $M$ $4n+3$
( , ) $PT^{*}M$ 3- .
, , K\"ahler
, .
$PT_{\mathbb{C}}^{*}M$ $2n+1$ ( $4n+2$ ) . :





$\pi$ : $PT^{*}M^{4n+3}arrow M^{2n+2}$ . $PT_{\mathbb{C}}^{*}M$ $D’$
, 2 . \mbox{\boldmath $\omega$} , $\omega_{1}={\rm Re}\omega_{\mathbb{C}},$ $\omega_{2}={\rm Im}\omega_{\mathbb{C}}$
. $\pi_{2}$ : $PT^{*}Marrow PT_{\mathbb{C}}^{*}M$ Hopf , K\"ahler
$\mathbb{R}P^{1}=S^{1}=U$ (1) , $PT_{\mathbb{C}}^{*}M$ $D’$ , $PT^{*}M$ 3
$D$ . 1 1- $\omega_{3}$ , $D=\{\omega_{1}=\omega_{2}=\omega_{3}=0\}$
. $(PT^{*}M, D)$ , $(4n, 4n+3)$ 3- .
$\mathbb{C}^{n+1}$ : $(z_{1}, \cdot\cdot\tau, z_{n+1})=$ ( $x_{1},$ $\cdot\cdot 1$ , $x_{n+1},$ $y$b. . . , $y_{n+1}$ ), $z_{i}=x_{i}+iy_{i}$ , .
T $n+1$ , $\sum_{i=1}^{n+1}w$idzi ,
$(z_{1}, \cdot. . , z_{n+1}, w_{1}, \cdot. . , w_{n+1})$, $w_{i}=u_{i}+iv_{\dot{f}}$
$=(x1, \cdot. . , x_{n+1}, y_{1}, \cdots, y_{n+1}, u_{1}, \cdots, u_{n+1}, v1, \cdot. . , v_{n+}1)$
. $PT^{*}\mathbb{C}^{n+1}$ , $x_{n+1}=s,$ $y_{n+1}=r,$ $u_{n+1}=t,$ $v_{n+1}=1$
,
$\{$
$\omega_{1}$ $=-dr$ $+tds$ $+ \sum_{i=}^{n}1$ $u_{i}dx_{i}- \sum_{i=1}^{n}v$idyi,
$\omega_{2}$ $=ds+tdr+ \sum_{\dot{\tau}=1}^{n}vjdx_{i}+\sum_{i=1}^{n}u_{i}dy_{i}$ ,
$\omega_{3}$ $=-dt$ $- \frac{1}{2}(rds-sdr)-\frac{1}{2}\sum_{i=1}^{n}(y_{i}dx_{i}-x_{i}dy_{i})-\frac{1}{2}\sum$ X$=1(v_{i}du_{i}-u_{i}dv_{i})$
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. $\omega_{1}$ $tds$ (-1) , $\omega_{2}$ $tdr$ , $\omega_{3}$ $\frac{1}{2}$ (rds-sdr)
(-1) , , $\omega_{1},$ $\omega_{2},$ $\omega_{3}$ . $D=\{\omega_{1}=\omega_{2}=\omega_{3}=0\}$
, $(PT^{*}\mathbb{C}^{n+1}, D)$ , , 4 3- .
$M$ . 4 .
33. 3-Legendre
, , Legendre )
) , . 3- , 3-Legendre ,
, , .
$n+1$ K\"ahler $M$ $4n+3$ $PT^{*}M$ 3-
$D$ , ( , ) $D=\{\omega_{1}=\omega_{2}=\omega_{3}=0\}$ 3 1- $\omega_{1},$ $\omega_{2},$ $\omega_{3}$
. $D$ $n$ , $D$
$n$ 3-Legendre . , 32. $(PT^{*}\mathbb{C}^{n+1}, D)$
,
$N=$ {(xi, $y_{i},$ $u_{\mathrm{b}}v$i; $r,$ $s,$ $t$ ) $|y_{i}=u_{i}=v_{i}=0,$ $r$ , $s,$ $t=$ }
, 3-Legendre . $n$ $N$ $PT^{*}M$ $f$ 3-Legendre
, $f^{*}\omega_{1}=f^{*}\omega_{2}=f^{*}\omega_{3}=0$ .
$\pi$ : $PT^{*}Marrow M$ , 3-Legendre ,
$2n+1$ , 3-Legendre
.
$\bullet$ NI $n$ (K\"ahler , ) $N$ $PT^{*}M$
3-Legendre . $N$ N , $M$ 1
, $PT_{\mathbb{C}}^{*}M$ Legendre . ,
$PT^{*}M$ $N^{L}\subset N_{\mathbb{C}}^{L}$ , 3-Legendre . , 3-Legendre
$N^{L}$ , $PT^{*}M$ 3-Legendre .
$\text{ }n+1$ $\mathbb{C}P^{n+1}$ $\mathbb{C}P^{n+1^{*}}$ ,
$Q_{\mathbb{C}}\cong PT_{\mathbb{C}}^{*}\mathbb{C}P^{n+1}\cong PT_{\mathbb{C}}^{*}\mathbb{C}P^{n+1}$ ‘ , $Q\cong PT^{*}\mathbb{C}P^{n+1}\cong PT^{*}\mathbb{C}P^{n+1^{*}}$
, $Q$ 3-Legendre . PT $n+1$ , 3-
Legendre $L$ :
$L$ : $PT^{*}\mathbb{C}^{n+1}arrow PT^{*}\mathbb{C}^{n+1}$ .
$L$ : $(x_{i}, y_{i}, u_{i}, v_{i}; r, s, t)\mapsto(X_{i}, Y_{i}, U_{i}, V_{\mathrm{i}};R, S, T)$
$\{$
$X_{i}$ $=u_{i},$ $Y_{i}=v_{i},$ $U_{i}=x_{i},$ $V_{i}=yi,$
$R$ $=E\mathit{7}=1$ ($x_{i}u_{i}-$ !l$i$ l)$i)-r$,
$S$ $=- \sum_{i=1}^{n}(x_{i}v_{i}+y_{i}u_{i})-s$,




, , , ,
, ,
$4n$ 3 4 ,
. , , Legendre
3- , 3-Legendre ,
.
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